Pseudo-Landau levels, negative strain-resistivity, and enhanced
  thermopower in twisted graphene nanoribbons by Shi, Zheng & Liu, Tianyu
Pseudo-Landau levels, negative strain-resistivity, and enhanced thermopower in
twisted graphene nanoribbons
Zheng Shi1 and Tianyu Liu2
1Dahlem Center for Complex Quantum Systems and Physics Department,
Freie Universita¨t Berlin, 14195 Berlin, Germany
2Max-Planck-Institut fu¨r Physik komplexer Systeme, 01187 Dresden, Germany
(Dated: June 17, 2020)
As a canonical response to the applied magnetic field, the electronic states of a metal are funda-
mentally reorganized into Landau levels. In Dirac metals, Landau levels can be expected without
magnetic fields, provided that an inhomogeneous strain is applied to spatially modulate electron
hoppings in a similar way as the Aharonov-Bohm phase. We here predict that a twisted zigzag
nanoribbon of graphene exhibits strain-induced pseudo-Landau levels of unexplored but analytically
solvable dispersions at low energies. The presence of such dispersive pseudo-Landau levels results
in a negative strain-resistivity characterizing the 1 + 1-dimensional chiral anomaly if partially filled
and can greatly enhance the thermopower when fully filled.
Introduction.– A magnetic field applied to a metal
can quantize the orbital motion of electrons and pop-
ulate them on discrete energy bands known as the Lan-
dau levels (LLs) [1], which are responsible for a num-
ber of transport properties. When the applied magnetic
field is scanned, LLs can successively pass through the
Fermi surface, giving rise to quantum oscillations such
as the Shubnikov-de Haas effect [2, 3] and the de Haas-
van Alphen effect [4]. In recently discovered topologi-
cal semimetals [5–10], the presence of LLs accounts for
the non-conservation of chiral charge transport, i.e., the
chiral anomaly [11–13], which is observable through a
negative longitudinal magneto-resistivity [14–20] result-
ing from the chiral magnetic effect [18–21]. The integer
quantum Hall effect in the massive two-dimensional elec-
tron gas [22–24], the half-integer quantum Hall effect in
graphene [25–30], and the fractional quantum Hall effect
in incompressible quantum liquids [31–35] all derive from
particular filling factors of LLs.
Landau levels, remarkably, have been proposed to ex-
ist in elastically strained Dirac metals in the absence of
magnetic fields [36–39], leading to strain-induced trans-
port phenomena such as quantum oscillations [40, 41],
quantum anomalies [42, 43], and Hall-like effects [44–47],
similar to those in the context of the regular mangeto-
transport. Such strain-induced pseudo-Landau levels
(pLLs) have been experimentally observed by scanning
tunneling spectroscopy (STS) in nanobubbles [48, 49] and
nanoripples [50, 51] of graphene and directly imaged by
angle-resolved photoemission spectroscopy (ARPES) in
wafer-scale epitaxially grown graphene on a SiC substrate
with nanoprisms [52]. To interpret the transport experi-
ments involving pLLs, one should ideally understand the
pLL dispersion. However, as presumably the most flexi-
ble Dirac metal and thus the most promising experimen-
tal venue, graphene requires great experimental effort in
fine-tuning the strain in a triaxial pattern for the induc-
tion of the regular flat Dirac-Landau levels [44, 53, 54],
while simple strains such as those arising from bending
[55–57] or twisting [58] a graphene nanoribbon (GNR)
produce complicated dispersive pLLs.
This Letter is devoted to resolving the dispersion and
transport features of the pLLs induced in a twisted zigzag
GNR. We demonstrate that the effect of the twist is
to displace the Dirac cones in a space-dependent fash-
ion, thus resulting in Landau quantization of the Dirac
fermions. We establish a correspondence between the
crystal momentum and the transverse spatial coordinate
of the GNR to analytically derive the dispersions of the
pLLs. These dispersive pLLs engender a negative strain-
resistivity if partially filled and enhance the Seebeck co-
efficient if fully filled.
Model.– We start from the strain-free tight-binding
Hamiltonian of graphene with only nearest-neighbor hop-
ping terms
H0 =
∑
r
∑
i
tia
†
rbr+αi + H.c., (1)
where ar(br) is the electronic annihilation operator at
site r = (x, y) belonging to the A(B) sublattice of
the honeycomb lattice [Fig. 1(a)] with lattice constant
a = 0.142 nm [59–61], and (α1,α2,α3) = (
√
3
2 axˆ +
1
2ayˆ,−
√
3
2 axˆ +
1
2ayˆ,−ayˆ) are the nearest-neighbor vec-
tors along which the hopping integrals are (t1, t2, t3) in-
dependent of r. This tight-binding Hamiltonian encodes
two energy bands ε(k) = ±|∑i tieik·αi | [62], which ex-
hibit Dirac cones at the Brillouin zone (BZ) corners
when ti=1,2,3 = t. For anisotropic hoppings (t1, t2, t3) =
(t+ δt, t+ δt, t), the Dirac cones are translated from the
BZ corners to k±W = (± 2√3a cos−1(− 12 tt+δt ), 0) as illus-
trated in Fig. 1(b).
An elastic strain can deform the crystalline lattice of
graphene, break the translational symmetry, and spa-
tially modulate the hoppings through the substitution
[63]
ti → ti exp{β[1− δi(r)/αi]}, (2)
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FIG. 1: (a) Honeycomb lattice of graphene with nearest-
neighbor vectors αi labelled by blue arrows. The shaded area
(yellow) of width δx =
√
3a containing 2N A and B sublattice
sites is the unit cell of the zigzag GNR. (b) The hexagonal
Brillouin zone (green) of the honeycomb lattice in (a) contains
two Dirac cones at the BZ corners labelled by K and K′, re-
spectively. In the presence of spatially uniform anisotropic
hoppings (t1, t2, t3) = (t+ δt, t+ δt, t), where δt < 0, the two
Dirac cones are oppositely displaced away from BZ corners as
illustrated by the red and blue arrows. (c) A twisted GNR
(blue) is obtained by applying a torsional strain that rotates
the right (left) edge of the undeformed GNR (light blue) of
length L and width W by a small angle of Φ/2 (−Φ/2).
where β = 3.37 is the Gru¨neisen parameter [63, 64] and
δi(r) is the distance between a lattice site at r and its i-th
nearest neighbor. For the simple twist lattice deforma-
tion [Fig. 1(c)] characterized by the parameter λ = Φ/L
that measures the rotational angle of the nanoribbon
unit cell [Fig. 1(a)] per unit length along the x direc-
tion, we have δi(r) ≈ (α2i + λ2α2i,xy2)1/2 for a suffi-
ciently small twist λ  a−1 [65]. We note that δi(r)
preserves the modified x-direction translational symme-
try Πˆ(δx) = Tˆ (δx)Rˆ(λδx), which should be defined as a
regular translation (Tˆ ) by δx along the x direction com-
bined with a counter-clockwise rotation (Rˆ) by an angle
of λδx around the x axis [Fig. 1(c)]. Consequently, the
substitution (Eq. 2) results in a nanoribbon tight-binding
Hamiltonian
H =
∑
kx,y
a†kx,y
[
2t(y) cos( 12kxδx)+ tsˆ−δy
]
bkx,y+δy/3 +H.c.,
(3)
where we have defined the shift operator sˆ−δy satisfying
sˆ−δybkx,y+δy/3 = bkx,y−2δy/3 with δy =
3
2a and the pa-
rameter t(y) = t exp{β[1− (1 + 34λ2y2)1/2]} correspond-
ing to the hoppings along α1 and α2, while the hop-
ping along α3 is preserved. Therefore, the effect of the
twist is similar to that of the aforementioned anisotropy
(t1 = t2 6= t3), relocating the Dirac cones but in a space-
dependent fashion.
To scrutinize such relocation, we take the continuum
limit sˆ−δy → 1 − δy ddy , which leads to the Bloch Hamil-
tonian for the twisted GNR
Hkx,y =
[
2t(y) cos( 12kxδx) + t
]
τx − itδy d
dy
τy, (4)
in terms of which the nanoribbon tight-binding Hamil-
tonian (Eq. 3) becomes H =
∑
kx,y
ψ†kx,yHkx,yψkx,y
with Pauli matrices τx and τy acting on ψkx,y =
(akx,y, bkx,y+δy/3)
T . If t(W2 ) ≤ 12 t, for any given mo-
mentum between the Dirac points ( 4pi3δx ≤ kx ≤ 8pi3δx ), we
can always find within the twisted GNR a pair of spatial
coordinates
y0 = ± 2√
3λ
√{
1 + β−1 ln
[− 2 cos( 12kxδx)]}2 − 1, (5)
at which the first term in Eq. 4 changes sign. This
“momentum-coordinate correspondence” further reveals
a bulk zero mode Ψ0(y), which is an even (spinor) func-
tion of y − y0, satisfying Hkx,yΨ0(y)|y=y0 = 0. Such a
zero mode is an ensemble of the twist-displaced Dirac
points associated with different y0’s.
To better understand the nature of this bulk zero
mode, we investigate the spectrum of the Bloch Hamil-
tonian (Eq. 4) at low energies. Due to the exponentially
decaying t(y), analytically resolving the eigenvalues of
Hkx,y is usually not feasible. However, if the twist is suf-
ficiently small, i.e., λ  a−1, t(y) varies slowly on the
lattice scale and can be well estimated in the vicinity
of the bulk zero mode through the linearization t(y) ≈
t(y0)[1−Ωy0(y−y0)/t], where Ωy0 = 34λ2y0βt/[1+ 34λ2y20 ].
This reduces the Bloch Hamiltonian (Eq. 4) to a mini-
mally coupled Dirac Hamiltonian, whose eigenvalues are
dispersive pLLs
±n (kx) = ±
√
|2ntδyΩy0 |
= ±3t
2
√√√√
nβλa
2√
3
√{
1 + β−1 ln[2 cos( 12kxδx)]
}2 − 1
1 + β−1 ln[2 cos( 12kxδx)]
,
(6)
where the pLL index n is a nonnegative integer and the
momentum dependence is incorporated through Ωy0 by
making use of Eq. 5, and mapping its domain of definition
from kx ∈ [ 4pi3δx , 8pi3δx ] to kx ∈ [− 2pi3δx , 2pi3δx ], which is located
in the first BZ of the twisted GNR. The upper bound of
the pLL index nmax = b 2
√
3
9βλa [1− 1(1+β−1 ln 2)2 ]−1/2c, where
b·c is the floor function, is determined by noting that
pLLs cannot exceed the merging points ε±Lif = ±t of the
two Dirac cones. A more detailed derivation of Eq. 6 is
provided in the Supplemental materials (SM) [66]. These
pLLs are doubly degenerate due to the contributions from
both the upper (y0 > 0) and the lower (y0 < 0) sectors
of the GNR. The presence of such pLLs unambiguously
reveals that the bulk zero mode connecting Dirac points
K and K ′ is the zeroth pLL (pLL0) by nature.
We have applied numerical simulations to the nanorib-
bon tight-binding Hamiltonian (Eq. 3) and find between
3the Dirac cones the pLLs, whose dispersions can be well
captured by Eq. 6 at low energies [Fig. 2(a)]. Besides the
two Dirac cones and the pLLs, there is also a doubly de-
generate flat edge state traversing the whole BZ. To elu-
cidate the emergence of the edge state, it is worth noting
that the nanoribbon tight-binding Hamiltonian (Eq. 3)
encodes bipartite hoppings 2t(y) cos( 12kxδx) and t, and
thus can be interpreted as a Su-Schrieffer-Heeger (SSH)
model [67]. Between the Dirac points (− 2pi3δx ≤ kx ≤ 2pi3δx ),
the GNR unit cell is divided into three segments by the
two domain walls at y0 such that the outer two segments
are topological SSH chains with 2t(y) cos( 12kxδx) < t,
while the inner segment is a trivial SSH chain with
2t(y) cos( 12kxδx) > t. Therefore, there are in total four
“end states” associated with the outer two segments.
Two of them are the doubly degenerate pLL0 centered at
y0, while the other two located at±W2 constitute the edge
state. In the rest of the first BZ, recalling t(W2 ) ≤ 12 t, we
find 2t(y) cos( 12kxδx) < t for any y ∈ [−W2 , W2 ], making
the entire nanoribbon unit cell a topological SSH chain
possessing a doubly degenerate flat edge state.
Density of states. – To derive the transport properties
of the twisted GNR, it is instructive to first investigate
the density of states (DOS) contributed by the doubly
degenerate pLLs and the two Dirac cones from which
these pLLs emerge. Without loss of generality, we will set
the chemical potential µ > 0 in the following. The µ < 0
case can be treated using the particle-hole symmetry.
We first examine the pLLs whose dispersions have
been found in Eq. 6. It is critically important to note
that pLLs are only well-defined between the Dirac cones.
Therefore, the actual extent of the n-th pLL (pLLn)
is [−knx , knx ], which is only a portion of the domain
[− 2pi3δx , 2pi3δx ] except when n = 0 [Fig. 2(a)]. The bound knx
can be determined by finding the intersection of +n (kx)
with the Dirac cone envelope ε+D(kx) = [2 cos(
1
2kxδx) −
1]t. Upon finding knx , the DOS contributed by pLLs is
gL(µ) = 2
∑
n
∫ knx
−knx
dkx
2pi
δ[µ− +n (kx)] =
2
pi
∑
n
νn(µ)
d+n
dkx
|µ
,
(7)
where
d+n
dkx
|µ is calculated in the left BZ and we have
defined for pLLn the occupancy parameter νn(µ) =
θ(Γn − µ)− θ(Dn − µ) with θ(·) being the Heaviside step
function and Dn = 
+
n (−knx ) = ε+D(−knx ) [Γn = +n (0)]
marking the minimum (maximum) of the electron-like
pLLn.
As for the Dirac cones, though we also know the dis-
persion ε(q) = ± 32 ta(q2x + q2y)1/2 before the projection
into the one-dimensional BZ, we should be aware that
the Dirac cones of the twisted GNR [Fig. 2(b)] host
much fewer bands than those of the undeformed GNR
[Fig. 2(c)]. Therefore, in the limit of large GNR width,
the DOS associated with the Dirac cones should be writ-
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FIG. 2: Band structure of the twisted GNR with N = 1200.
(a) The low-energy spectrum (blue) is composed of dispersive
pLLs and two Dirac cones from which these pLLs emerge.
The dispersions of these pLLs are accurately captured by
Eq. 6 (red), which is overlaid on the energy bands. The
twist parameter adopted is λ = 0.0005a−1, at which the
maximal C-C bond elongation appearing at the edges of the
GNR is 27%. Such strain, though large, should be sustain-
able in graphene [68]. (b) A closer look of the left Dirac
cone in (a). The dashed curve is the envelope of the cone
ε±D(kx) = ±[2 cos( 12kxδx)− 1]t. Each pLL is doubly degener-
ate, formed by the confluence of two bulk bands at the right
sector of the envelope. (c) Dirac cone located at K of an un-
deformed GNR of the same width harbors much more bands
than that in (b) in the same energy window.
ten as
gD(µ) = 2Wξ(µ)
∫
dq
(2pi)2
δ[µ−ε(q)] = 4N
3pi
µ
at2
ξ(µ), (8)
where the difference in numbers of bands is reflected in
the multiplier ξ(µ) = Nλ(µ)/N0(µ) with Nλ(µ) ≈ 1 +
2
∑
n>0 θ(µ − Dn ) [N0(µ) ≈ 2Npit µ] being the number of
bands between the Dirac point and the chemical potential
µ > 0 in a single Dirac cone of the twisted (undeformed)
GNR. A more substantial derivation of ξ(µ) is provided
in the SM [66]. The total DOS is then the combination
of Eq. 7 and Eq. 8,
g(µ) =
2
pi
∑
n
1
d+n
dkx
|µ
νn(µ) +
4N
3pi
µ
at2
ξ(µ), (9)
which is substantiated by comparing to the DOS of the
nanoribbon tight-binding Hamiltonian (Eq. 3) numeri-
cally calculated through the tetrahedron method [69] as
illustrated in Fig. 3(a).
Negative strain-resistivity.– We now present the anal-
ysis of the longitudinal electrical conductivity of the
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FIG. 3: Transport properties of the twisted GNR versus the
chemical potential µ. Red and blue curves stand for the an-
alytical and numerical results, respectively. Shaded areas de-
note the only direct band gap of pLLs, which is located be-
tween pLL0 and pLL1. (a) DOS of the twisted GNR. Note
that the mismatch between the numerical DOS and the ana-
lytical DOS (Eq. 9) in the pLL gap is because Eq. 9 excludes
the contribution of the flat edge state [Fig. 2(a)]. (b) The lon-
gitudinal electrical conductivity whose theoretically proposed
value is given by Eq. 12. (c) The Seebeck coefficient calcu-
lated from (b) using the Mott relation (Eq. 13). For all panels,
the data are broadened by convolving in energy a Lorentzian
of width δ = 0.0024t to simulate the effects of disorder and
finite temperature.
twisted GNR. At temperatures much smaller than the
pLL spacing, i.e., kBT  ∆Dn = Dn − Dn−1, we may ap-
ply the Sommerfeld expansion to the Boltzmann formal-
ism and keep only the lowest-order contribution, which,
for the pLLs, reads
σxxL (µ) = 2e
2
∑
n
τn(µ)
∫ knx
−knx
dkx
2pi
[vxn(kx)]
2δ[µ− +n (kx)]
=
2e2
pi~2
τ(µ)
∑
n
d+n
dkx
∣∣∣∣
µ
νn(µ),
(10)
where vxn(kx) =
1
~
d+n
dkx
is the band group velocity for pLLn
and we have used the energy-dependent relaxation time
approximation [70] and assumed identical relaxation time
τ(µ) for all energy bands. The Dirac cone contribution
to the electrical conductivity may be estimated as
σxxD (µ) = 2e
2Wχ(µ)
∫
dq
(2pi)2
τ(µ)v2x(q)δ[µ− ε(q)]
=
3N
2pi
χ(µ)
e2
~2
τ(µ)aµ,
(11)
where vx(q) =
1
~
∂ε
∂qx
is the band velocity associated with
the Dirac cone [ε(q) = ± 32 ta(q2x+q2y)1/2]. Eq. 11 is modi-
fied from the twist-free Dirac cone contribution by a mul-
tiplier χ(µ) to incorporate the difference in the numbers
of bands. We argue that χ(µ) = 12ξ(µ) because the en-
ergy bands in Dirac cones of the twisted GNR are no
longer “V-shaped” as those harbored by the twist-free
Dirac cones, but are nearly half “V-shaped” as illustrated
in Fig. 2(b), making the number of Dirac cones contribut-
ing to the electrical conductivity effectively one. There-
fore, an extra factor of 12 compared to ξ(µ) is needed in
the multiplier χ(µ) [66].
For simplicity, we assume the Drude contribution to be
the major source of scattering such that the relaxation
time may be estimated through the first-order Born ap-
proximation [71] as τ(µ) = C/g(µ), where g(µ) is the
DOS determined from Eq. 9 and the parameter C de-
pends on the details of the scattering potential in the
GNR. Consequently, the total longitudinal electrical con-
ductivity comprising Eq. 10 and Eq. 11 reads
σxx(µ) =
2
pi
∑
n
1
at
d+n
dkx
|µνn(µ) + 3N4pi µt ξ(µ)
2
pi
∑
n
1
1
at
d
+
n
dkx
|µ
νn(µ) +
4N
3pi
µ
t ξ(µ)
e2
~2
Ca2t2,
(12)
which can capture the essential features of the numerical
results [blue curve, Fig. 3(b)]. Since
d+n
dkx
|µ is an increas-
ing function of λ [66], the total electrical conductivity
σxx as well as the pLL contribution σxxL increases with
the twist λ, provided that only pLL1 is partially filled
(D1 ≤ µ ≤ D2 ), which fixes the values of the occupancy
parameter νn(µ) and the multipliers ξ(µ) and χ(µ). This
indicates a negative strain-resistivity ρxx = 1/σxx [72],
which arises from the contribution of pLLs. Such an ef-
fect is analogous to the negative magneto-resistivity [14–
20] in topological semimetals with only chiral LLs (cf.
pLL1) partially filled and may serve as a manifestation
of the 1 + 1-dimensional chiral anomaly [13], which coin-
cides with the valley anomaly in graphene [73]. Lastly,
we note that the electronic thermal conductivity of the
GNR is related to the electrical conductivity through the
Wiedemann-Franz law κxx =
pi2k2B
3e2 Tσ
xx. Therefore, it
also increases with λ, giving rise to a negative thermo-
resistivity similar to that in Weyl superconductors [74].
Enhanced thermopower.– We now study the thermo-
electric effect in the twisted GNR. Due to the preser-
vation of the time reversal symmetry, the twisted GNR
exhibits no Nernst effects or thermal Hall effects in the
presence of a temperature gradient ∂xT . However, the
Seebeck coefficient is compatible with the time reversal
symmetry and can be conveniently determined through
the Mott relation [75]
αxx(µ) = −pi
2k2BT
3eσxx
dσxx
dµ
, (13)
where an estimate of the electrical conductivity σxx has
5been provided in Eq. 12. We note that every time a pLL
is fully filled, σxx is greatly suppressed but experiences
a sudden boost giving rise to large values of both 1σxx
and dσ
xx
dµ , thus significantly enhancing the Seebeck coef-
ficient as illustrated by the sequence of peaks at µ = Γn
in Fig. 3(c), which mimic those produced by the ordinary
flat Dirac-Landau levels resulting from uniform real mag-
netic fields [76–80]. The enhanced Seebeck coefficient is
accompanied by a boosted Peltier coefficient through the
Thomson relation pixx = Tαxx [70].
Conclusions.– We have studied the strain-induced
pLLs in a twisted GNR. By tracking the formation of
the bulk zero mode of the nanoribbon Bloch Hamil-
tonian, a correspondence between the crystal momen-
tum and the transverse spatial coordinate of the GNR
can be constructed to derive the momentum dependence
of the pLLs. Such dispersive pLLs produce a negative
strain-resistivity if partially filled and can enhance the
thermopower if fully filled. Our methodology solving
the dispersive pLLs should be directly transplantable to
graphene under other inhomogeneous strains or magnetic
fields with complicated spatial profiles as well as other
honeycomb Dirac materials [81–86], where strain-induced
flat Dirac-Landau levels have been proposed, and may
also be adapted to superconducting Dirac matter [74, 87–
90].
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